C.P.G.E MEKNES 2018/2019
LYCEE OMAR IBN AL-KHATTAB 16/03/2019

3 A

Devoir Surveillé N° 7

Il sera tenu compte, dans 'appréciation des
copies, de la précision des raisonnements
ainsi que la clarté de la rédation.

Questions de Cours

Exercice 1 , ,
We have 1 +sin(x) =1+ x— % +0(x3) and ch(x) =1+ % + 0(x3), hence (1 + sin(x))ch(x) =

(l+x—%3+o(x3))(l+x72+o(x3)):1+x+x72+x73+0(x3)

Exercice2 )
sh(x) x+%+o(xh) 1+% +o?)

= = =1+% +0(x3)
sin(x)  x— 2 1ot 1-XZ 4013 3 '
6 6

Exercice 3
Soit P = X° —1.
z is aroot of P if and only if z° —1=0which is equivalent to z € Us. Hence {e%/ k=
0,...,4} is the set of roots of P.

2ikm

4
Clearly deg P = 5 and P has 5 roots and dom(P) =1, hence P= [[ (X —e”5 ).

k=0

P = X—D(X-eT)(X-eT)X-eT)(X-e")
4im 4

X-D(X-e5)X-e 5F)X-eT)X—-e5)
2 27 2 4r
(X-1(X —2COS(?)X+ (X —ZCOS(?)X+ 1

SoP=(X-1)(X? —2003(%)X+ 1) (X% - 2003(%)X+ 1).
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The poles of % are all simples and deg% = —5 < 0. Then the form of the decomposition
4

a
to simples elements is: — = % Where aj € C.
P iSoX-e5
Exercice 4 x
Soit F = € R(X).
(X-2)(X-1)?

X
Clearly, —————— is an irreducible form of F. Hence F has one zero (0), and two
(X -2)(X-1)?
poles 1 and 2.

deg F = —1 <0, hence its entire part is null. 1 is a double pole and 2 is simple pole. This
justifies the following form :

a B Y

F= + +
X-1 (X-12 X-2

Where a, 5,y €R.
Calculusof @, fand y :
We multiply by (X —1)?, we get
get p=-1.
We multiply by (X —2), we get

y(X —1)?

=a(X-1D+(+ . Now we apply at 1, we

X-2

_a(X—2)+,B(X—2)
(X-12 X-1 (X —1)2

+v. Now we apply at 2,

we gety =2.
Finally,0=F(0) =—-a+ - 72—/, hence a = -2.

PROBLEME
Etude d’une fonction et suite
Dans tout le probleme, f désigne la fonction définie sur ] — 7, Z[ par f(x) = x + tan(x).

Premiére partie :
Etude de la fonction f

f(=x) = —x+tan(—x) = —x —tan(x) = — f(x), so f is an odd function.
3

sin(x)  X— & +0(x%) 3 3 2 3 x3 3

2. = = = — = 1+ 2= = - .

tan(x) cos() 1—%2+0(x3) (x 3 +o(x")(1+ 5 +o(x%) =x+ 3 + 0(x°). so

3

fx)=2x+ % +o(x%)

Clearly, the function f is derivable and f(x) = 2 + tan?(x) > 0. Hence f is strictly in-
creasing. Moreover lim f(x)=+ooand lim f(x)=—oo.

X—Z x—=3

2

x—Z

Since f is increasingand lim f(x) =+ooand lim f(x)=—oco, weget f(—-3,5D =
2

X==3
] — o0, +oo[=R.
[ is strictly monotone, so it realize a bijection between ] — 7, Z[ and its image f(] -

1) =R
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The function f is of the class ¥*°, and (Vx €] — %, % [ f'(x) #0, so g is also of the class
€. In particular g has a DL, (0). Now set g(x) = a+bx+cx*+o0(x?). Since (go f) (x) = x,
we get a+ b(2x) +c(2x)? + 0(x?) = x + 0(x?) thatis a+2bx +4cx? + o(x?) = x + o(x?). It
follows that a =0, b = 3 and ¢ = 0. Thus g(x) = x + o(x?).

Deuxiéme partie :
Etude asymptotique d’'une suite
On rappelle que g désigne la fonction f~! définie dans la premiere partie du pro-

bleme.
Pour n €N, on pose u,, = g(n).

For neN, we have u, = g(n) = f‘l(n), hence f(u,) = nthatis u, +tan(u,) = n.

For n € N, we have u,, + tan(u,) = n, so u, — n = tan(u,). Since u, €] — %,%[, we get
u, = arctan(tan(u,)) = arctan(u, — n).

For x € R}, set h(x) = arctan(x) + arctan(%). h is derivable on R}, and for any x € R},
f'(x) =0, so f is a constant function. Thus, for any x € R}, f(x) = f(1) = %

U, = arctan(n—up,) = 5 - arctan( ! )

n—up

Since u,, €] — %,%[, we have n —% < n-uy,, SO nEer(n — uy) = +oo. In particular

n—upy Up .
arctan( 1 ) ~ —L_. On other hand =1-—— — 1 thatis n—u, ~ n. Thus
n—uy n—uy n n
1 1 1. 1 ) _1 1
arctan(n_un) < 1€ arctan(n_un) =4 to(3).

Uy :g—arctan(n_lun) =Z-110).

1
We have arctan’(x) = T2 1 - x* + 0(x?), hence arctan(x) = arctan(0) + x — %3 +
X

5=
o(x3) =x-— %3 +o(x3).
We have

1 1 1 1 u, u’ S 1 un up 2
=——r = |l+—+ 5 to(F)| =+ +—3+o(3)
n-u, nl—-=2 n n n n n n

. _ 1
And by the question 12, we have u,, = % - +o0(5), 80

Up T 1 1
poialwy . )
n 2n n n
. u b4
On other hand, since —Z ~ ~—3, we get
n 2n
u, . (1)
—_— o(—
nd  4nd n3

2
u 1

Also, it is easy to see that 0(—’;) = 0(—3). Hence
n n

1 1 x 1 = 1 1 = 7#*-4 1

+——-—=+—+0(=)=—F+—+——+0(—)
n-u, n 2n®> nd® 4nd n3" n 2n®  4nd n3

PCSI 1 3/4 Mohamed Agalmoun



C.P.G.E MEKNES

2018/2019

LYCEE OMAR IBN AL-KHATTAB 16/03/2019
Now
actan( 1 ) (1+ w n2—4) 1(1 7 n2—43+0(1)
T = —_ 4 — [ _
n—1uy, n 2n? 4n3 3\n 2n%2  4nd n3
1 LT -4 1 ol 1 )
= —_ o\—
n 2n2 4nd3  3nd 3
1 =m 37°-16 ( 1 )
= —_ o\—
n 2n? 4nd ns
It follows that
N S 3n° - 16 oL
"T2 n o 2m2 1218 3
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