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Devoir Surveillé N° 6

Il sera tenu compte, dans 'appréciation des copies,
de la précision des raisonnements ainsi que la clarté
de la rédation.

Questions de Cours +

Cours

Exercice 1
Soit E I'espace vectoriel E = R3, et considere les deux parties :

F={x,5,2)eR®/ x-2y+2z=0} et G={(x,y,2)€R}/2x—y=0, x—2z=0}

We have 0-2.0+0 =0 hence (0,0,0) € F.
Letu=(x,y,2),v=(x,y,zZ)e Fand A e R. u+Av = (x+Ax’, y+1y', z+ AZ'). We have (x+Ax)—
20+ AY)+(z+AZ)=(x-2y+2)+A(x' =2y +2z')=0,hence u+ Av e F.

We have 2.0~ 0 =0 and 0 - 0 hence (0,0,0) € G.
Letu=(x,y,2,v=(x"y,Z)eGand L eR. u+Av = (x+Ax',y+ Ay, z+ Az'). We have 2(x +
AX)=(y+Ay)=Rx—y)+A2x'—y)=0and (x+Ax') — (z+ Az') = (x—2) + A(x' — 2') = 0, hence
u+AveaG.

3.| Let = (x,7, € F, h =2y -z, = 2y -2z, = 2,1,00+z(-1,0,1),
et u (x,5,2) ence x y—2, 8 U Ry —-2z,y2 y( )+2z( ), so
eF eF

F =Vect((2,1,0),(-1,0,1) = Vect((2,1,0), (1,0,—1)) (use the fact that Vect(u, v) = Vect(u, —v)).

Letu=(x,y,2) € G, hence y=2xand z = x, so u = (x,2x,x) = x(1,2,1), so G = Vect((1,2,1)).

——
eG

(2,1,0),(1,0,—-1)) is a generated family of F, and it is free : if a,b € R such that a(2,1,0) +
b(1,0,-1)=0,then2a+b=0,a=0and —b =0, thatis a= b =0. It follows that dim F = 2.
The family ((1,2,1)) is a basis of G hence dimG =1.

Letu e FNG. u € G, then there exists @ € Rsuch that u = a¢(1,2,1) = (a,2a, @). On the other hand
u € F implies that @ —2(2a) + @ = 0,50 @ = 0. Thus # = 0. But dim F+dim G =2+1 = 3 = dimR°.
It follows that F @ G = R3, that if F and G are supplementary vector subspaces.

Exercice 2
Soit I'espace vectoriel E = R*, et notons (e}, e, e, e4) la base canonique de R*. Soit f I'unique endo-
morphisme de E vérifiant f(e;) = e; + e, f(e2) = f(e3) = e; et f(es) = —e1 + e4.

fx,y,z2,t)=x+y+z-1,x,0,0).
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Letu = (x,y,z,t) ekerf,then x+y+z—-t=0,x=0and t =0, hence z=-y, x=1t=0, so
u=1(0,y,-y0) =y(0,1,-1,0). Thus ker f = Vect((0,1,—1,0)). In particular dimker f = 1.
——r

cker f
By the rank formula rg(f) = dimR* — dimker f =4—1=3.

PROBLEME

Commutant d’'un endomorphisme

Dans tout le probléme E désigne un K-espace vectoriel et £ (E) I'espace vectoriel des endomor-
phismes de E.
Pour f, g € £(E), onrappelle que fg désigne 'endomorphsime fog. Pour f € £(E), on rappelle que
fo=Idgetpourn=1, f"=fofo...of.

——

n fois
Pour f € Z(E), on note € (f) I'ensemble des endomorphismes de E qui commutent avec f c’est-a-
dire
C(f)={ge LE) fg=gf}
Premiere partie :
Structure de € (f)

Dans cette partie f est un endomorphisme de E.

We have Idg f = f = f1dg, hence Idg € €(f).

We have 0f =0= f0, hence 0 € €(f).
Let g,h € €(f) and A € K. Note that gf = fg and hf = fh, hence (g+Ah)f =gf + Ahf =
fg+Afh=f(g+Ah),so f+Ahe€(f). Thus €(f) is a vector subspace of £ (E).

If g, h€ €(f), then ghf = g fh= fgh, hence gh € € ().

By induction on n € N.
For n=0, g’ =Idg € €(f).
Assume that g € €(f) for some n € N, since g € €(f) and g" € € (f), by the previous question
we get g" g € €(f), thatis g""*! € €(f).
Since € (f) is a vector subspace and each element f¥ is in €(f), it follows that aoIdg +a; f +
et anfheb(f).
Deuxiéme partie :
Cas d’'un endomorphisme cyclique

Dans toute la suite du probleme E est un espace vectoriel de dimension 3 (dim E = 3).
On suppose dans cette partie qu'il existe v € E tel que la famille (v, f(v), fz(v)) est libre.

(v, f(v), f2(v)) is a free familly with 3(= dim E) elements, so it is a basis of E.
Soient g, h € € (f) tels que g(v) = h(v).
gfw)=@gNHWw =) = flgw)=fh)= (M) =hf)w) =h(f©).
By the same argument as in the previous question
W) = (W) = (fPYW) = f2(gW) = f2(h(W) = (f*M) (V) = (hf?) (V) = h(f* (V).
Let x € E, since (v, f(v), f?(v)) is a basis of E, there exists a,b, ¢ € K such that x = av +

bf(v)+cf?(v), hence g(x) = glav+bf(v)+cf?(v)) = ag(v)+bg(f(v)+cg(f?(v) = ah(v)+
bh(f () + ch(f?(v)) = h(av+bf W) + cf?(v)) = h(x). It follows that g = h.

Soit g € €(f).

PCSI 2/3 Mohamed Agalmoun




(ﬁj 2018/2019
%= (C.P.G.E FIRST PREPA ) Algebre 11/03/2019

Since (v,f(v),fz(v)) is a basis of E and g(v) € E, there exists &, 8,y € K such that g(v) =
av+Bfw) +yf2(v).

Denote h = aldg+Bf +yf2. By the the result of the question 5., h € €(f). On the other
hand h(v) = (@ldg +Bf +yf2) (v) = av+ Bf (W) +y f2(v) = g(v). It follows that (by the result
of the question 7) g = h = aldg +Bf +yf>.

If g € €(f), by the previous question there exists @, 8,y € K such that g = aldg+Bf +yf?,
hence g € Vect(Idg, f, f2). On the other hand, since Idg, f, f? € €(f), we get Vect(Idg, f, f2) <

% (f). Thus €(f) = Vect(dg, f, f2).
By the previous question (Idg, f, f2) is a generated family of Vcet. Let a,b,c € K such that
aldg+bf+ cf2 =0, in particular (aldg +bf + cfz)(v) =0, thatisav+bf(v)+ cfz(v) =0, hence
a=Db=c=0 (since (v, f(v), f>(v)) is free). It follows that (Idg, f, f2) is a basis of €(f), so

dimE(f) = 3.
We have f3 € 6(f) = Vect(Idg, f, f?), hence there exists a, b, c € K such that f3 = aldg+bf +
cf?.

Troisieme partie :
Cas d’'un endomorphisme nilpotent
Dans cette partie f est un endomorphisme nilpotent de E d’indice de nilpotence égale a 3
c'est-a-dire f>=0et f2 #0.
Follows from the fact that f 220.
Let a, b, c € K, such that av+bf(v)+cf?(v) =0 (%). Applying f2 to (%), we get af?(v)+bf3(v)+
cf*(w) =0, s0 af?(v) =0, hence a = 0 (since f2(v) # 0). Now (%) become bf(v) + cf?(v) = 0.

Applying f to () and this yields b f?(v) = 0, it follows that b = 0. Finally we get af(v) = 0 (from
(%)), so afz(v) =0, hence a = 0. Thus the family (v,f(v),fz(v)) is free.

There exists v € E such that (v, f(v), f?(v)) is a basis of E, hence free. By the result of the second
part, we get € (f) = Vect(Idg, f, f?).
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